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Abstract
We show that the existence of a right inverse at each point for a holomorphic mapping from a pseudo-
convex domain in a Banach space with an unconditional basis into a unital Banach algebra implies the
existence of a holomorphic right inverse. Variations of this result are given.
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1. Introduction
In this article we generalise to infinite dimensions a holomorphic selection result for right
inverses in a Banach algebra due to G.A. Allan [1] and a result of J. Leiterer [8] on the holo-
morphic dependence of solutions to a Banach-valued equation with holomorphic initial data.
Allan developed and used a number of very useful non-commutative invertibility methods in Ba-
nach algebras to obtain his result. An alternative proof using vector bundles, sheaf theory and
parametrised families of Banach subspaces of a Banach space was given by Shubin [17] (for a
comprehensive survey on this and related topics see [19]). In [6] the first author investigated the
extension of Allan’s theorem to infinite dimensions using the original methods of Allan, tensor
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were obtained but for infinite-dimensional Banach spaces we were obliged to confine ourselves
to convex balanced bounded domains and very special infinite-dimensional Banach spaces (some
more general results were obtained for non-Banach locally convex spaces). In this paper we fol-
low the approach of [8,17] and call on some very powerful recent results of Lempert [9,10] on
sheaf cohomology for holomorphic vector bundles. We state our results for right inverses only
but by going to the opposite algebra one obtains analogous results for left inverses.
Let X,Y be complex Banach spaces, BX the open unit ball of X, and L(X;Y) the Banach
space of continuous complex linear operators T : X → Y . Then L(X) := L(X;X) is a Banach
algebra with identity 1X , whose group of invertible elements, GL(X), is a complex Banach Lie
group modelled on L(X). Denote by Iso(X;Y) the set of those T ∈ L(X;Y) that have inverses
T −1 in L(Y ;X), that is T ◦ T −1 = 1Y and T −1 ◦ T = 1X . If Iso(X;Y) is non-empty then it is a
complex Banach manifold biholomorphic to GL(X).
We refer to [5,13] for background material on infinite-dimensional holomorphy, to [4,12,13,
18] for the theory of Banach spaces and algebras and to [7,18,19] for sheaves and vector bundles.
2. Vector bundles
In this section we recall the definition of holomorphic Banach vector bundles and some of
their useful properties.
Let π : E → Ω be a surjective holomorphic map of complex Banach manifolds. We assume
that the fibre above z ∈ Ω,Ez := π−1(z), has been given a Banach space structure whose topol-
ogy coincides with the topology induced from E . A collection (Uα, τα)α∈Γ is called a trivializing
cover for π if (Uα)α∈Γ is an open cover of Ω and for each α ∈ Γ there is a Banach space Xα
such that τα : π−1(Uα) → Uα × Xα is a biholomorphic mapping and conditions (1), (2) and (3)
are satisfied:
(1) τα,z := τα|Ez is a linear isomorphism from Ez onto Xα , modulo identifying {z}×Xα and Xα ,
for each z ∈ Uα .
(2) π = πα ◦ τα , where πα is the canonical projection from Uα × Xα onto Uα . Conditions (1)
and (2) imply that ραβ := τα ◦ τ−1β |Uα∩Uβ has the form ραβ(z, x) = (z, gαβ(z)x) where
gαβ(z) ∈ L(Xβ,Xα) whenever α,β ∈ Γ and z ∈ Uα ∩Uβ = ∅.
(3) If α,β ∈ Γ and Uα ∩ Uβ = ∅ then the map z 	→ gαβ(z) from Uα ∩ Uβ into L(Xβ,Xα) is
holomorphic.
Two trivializing covers are said to be equivalent if their union is also a trivializing cover.
Definition 1. A holomorphic vector bundle is a triple (E,π,Ω), where π : E → Ω is a surjective
holomorphic map of complex Banach manifolds, together with a class of equivalent trivializing
covers.
It is clear that the bundle structure is specified by any one trivializing cover. If Ω is connected,
then all the XU are isomorphic to a common Banach space X, called the fibre type of the bundle.
We call E the bundle space, π the projection of the bundle, Ω the base of the bundle, τα a
trivialization of π−1(Uα) and gαβ a transition map. If X is a Banach space and Ω is a complex
manifold the triple (Ω × X,π,Ω), where π is the canonical projection from Ω × X onto Ω ,
340 S. Dineen et al. / Journal of Functional Analysis 237 (2006) 338–349together with the covering trivializations equivalent to the covering trivialization {(Ω,π)}, is
called the trivial bundle.
A sub-bundle of (E,π,Ω) is a bundle (E ′,π ′,Ω) where E ′ is a subset of E , π ′ = π |E ′ ,
E ′z is a closed subspace of Ez for all z ∈ Ω and the following condition holds: for each z in
Ω there exists an open neighbourhood U of z in Ω and trivializations τ : π−1(U) → U × XU
and σ : (π ′)−1(U) → U × YU such that
[
τz ◦
(
σ−1
)
z
]
(w) = w
for all w ∈ YU .
A holomorphic function f : Ω → E is called a holomorphic section of a holomorphic vector
bundle (E,π,Ω) if π(f (z)) = z for all z ∈ Ω . The set of all holomorphic sections is denoted
by H(Ω;E). When (E,π,Ω) is the trivial bundle (Ω ×X,π,X) we write H(Ω;X) in place of
H(Ω;E).
A standard way of producing holomorphic Banach vector bundles is to look at the kernel or
cokernel of a suitable holomorphic operator function. In the proof and for later results we require
the following well-known functional characterisation of right invertible operators.
Lemma 1. If X,Y are Banach spaces and T ∈ L(X;Y) is a linear operator then the following
are equivalent:
(a) T is right invertible, i.e., there is an S ∈ L(Y ;X) with T ◦ S = 1Y .
(b) T is surjective and Ker(T ) is a complemented subspace of X.
(c) For every Banach space Z the operator T ′ : L(Z;X) → L(Z;Y) defined by T ′(ξ) = T ◦ ξ
is surjective.
Proof. (a) ⇒ (b). If y ∈ Y then T (Sy) = y and T is surjective. Let P = S ◦ T ∈ L(X). Since
(S ◦T )◦(S ◦T ) = S ◦(T ◦S)◦T = S ◦T , P is a projection and hence its kernel is complemented.
Since Ker(P ) = Ker(T ) this shows that (a) implies (b).
(a) ⇒ (c). If η ∈ L(Z;Y) then S ◦ η ∈ L(Z;X) and
T ′(S ◦ η) = T ◦ (S ◦ η) = (T ◦ S) ◦ η = 1Y ◦ η = η.
(b) ⇒ (a). Since X = X1 × X2, where X1 = Ker(T ) and T |X2 : X2 → Y is bijective, the
mapping (T |X2)−1 composed with the canonical inclusion of X2 in X is a right inverse for T .
(c) ⇒ (a). Let Z = Y . Since T ′ is surjective there exists S ∈ L(Z;X) such that T ′(S) =
T ◦ S = 1Y . This completes the proof. 
Proposition 1. Let Ω be a complex Banach manifold, X,Y Banach spaces, and T ∈ H(Ω,
L(X,Y )) a holomorphic operator function. If T (z) ∈ L(X,Y ) is surjective with complemented
kernel for all z ∈ Ω then the set
N = Ker(T ) = {(z, ξ) ∈ Ω ×X: T (z)ξ = 0}
is a holomorphic sub-bundle of the trivial bundle (Ω ×X,π,X).
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we can find a right inverse Sw for T (w). For z ∈ Ω and ξ ∈ X let[
σw(z)
]
(ξ) = Pw(ξ)+ SwT (z)(ξ).
Then σw(z) ∈ L(X) and σw(w) is invertible. Hence σw(z) ∈ GL(X) for all z in some open
neighbourhood Uw of w.
If z ∈ Uw and T (z)(ξ) = 0 then [σw(z)](ξ) = Pw(ξ) ∈ Xw . Conversely, if ξ ∈ Xw then there
exists ξ1 ∈ X such that ξ = Pw(ξ1)+ SwT (z)(ξ1). Since T (w)(Pw(ξ1)) = 0 we have
0 = T (w)(ξ) = T (w)SwT (z)(ξ1) = T (z)(ξ1).
This implies ξ1 ∈ Ker(T (z)) and shows that σw(z)|Ker(T (z)) is a linear isomorphism from
Ker(T (z)) onto Xw for all z ∈ Uw . Hence the mapping
σ ′w : (z, ξ) ∈
{
Uw ×X: T (z)ξ = 0
}→ (z, [σw(z)]ξ) ∈ Uw ×Xw
is well defined and bijective. If w′ and w′′ belong to Ω and Uw′ ∩Uw′′ = ∅ the mapping
z ∈ Uw′ ∩Uw′′ → σw′(z) ◦
(
σw′′(z)|Xw′′
)−1 ∈ Iso(Xw′′ ,Xw′)
is holomorphic. By Proposition 2 in [7], (N ,π |N ,Ω) with trivializing cover (Uw,σ ′w)w∈Ω is a
holomorphic vector bundle.
Since (Uw,σw)w∈Ω is a trivializing cover for the trivial bundle (Ω × X,π,Ω) and σw ◦
(σ ′w)−1 is the identity mapping on Uw × Xw , this shows that N is a holomorphic sub-bundle of
Ω ×X and completes the proof. 
Let Ω be a complex Banach manifold modelled on a Banach space Z. If X is a Banach space,
respectively E → Ω is a holomorphic Banach vector bundle over Ω , we denote by HX → Ω ,
respectively HE → Ω , the sheaf of germs of holomorphic functions Ω → X, respectively holo-
morphic sections of E over Ω .
Let ϕ : A → B be a homomorphism of sheaves of H-modules over Ω . A section b of the
image sheaf Im(ϕ) over an open subset U of Ω is, by definition, a section b ∈ B(U) such that for
some open cover of U , (Uα)α∈Γ , there are sections aα ∈ A(Uα), α ∈ Γ , such that ϕ(aα) = b|Uα .
In other words, a section b of Im(ϕ) over U is a section b in B(U) that is locally liftable through
ϕ to local sections of A.
We shall be interested, for homomorphisms ϕ : A → B , in the global liftability of sections of
B(Ω), that is in the surjectivity of the mapping ϕΩ : A(Ω) → B(Ω). We adopt the following
strategy. First, we check that b has local liftings through ϕ to local sections of A, i.e., b is a
section of the sheaf Im(ϕ) over Ω . Second, we look at the kernel sheaf N := Ker(ϕ), whose
sections over any open U ⊂ Ω are, by definition, of the form a ∈ A(U) such that ϕ(a) = 0
in B(U). If local liftings aα ∈ A(Uα), α ∈ Γ , of b over Ω are available for some open cover
U := (Uα)α∈Γ of Ω , and ϕ(aα) = b|Uα for all α, then we look at the 1-cocycle k1 := (k1αβ =
aα − aβ){α,β∈Γ } ∈ Z1(U,N) of the kernel sheaf N . It is standard in sheaf theory to see that b has
a global lifting a ∈ A(Ω) with ϕ(a) = b if and only if the above 1-cocycle k1 can be resolved in
N over Ω , i.e., if there are sections (k0α)α∈Γ ∈ C0(U,N) with
k1αβ = aβ − aα = k0β − k0α
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a global section a ∈ A(Ω) with ϕ(a) = b since ϕ(a)|Uα = ϕ(a|Uα) = ϕ(aα − k0α) = b|Uα − 0 for
α ∈ Γ . Conversely, given a global lifting a of b through ϕ, k0α := aα −a ∈ N(Uα), α ∈ Γ , defines
a resolution k0 ∈ C0(U,N) of the cocycle k1 since k1αβ = aβ − aα = k0β − k0α over Uα ∩ Uβ for
α,β ∈ Γ . If the sequence of sheaves
0 → N → A → B → 0,
is exact, where the second map is inclusion and the third ϕ, we say that universal local liftability
holds. This short exact sequence induces by cohomology the long exact sequence
0 → N(Ω) → A(Ω) → B(Ω) → H 1(Ω,N) → ·· · .
The connecting homomorphism from B(Ω) to the sheaf cohomology group H 1(Ω,N) is
precisely the map b 	→ (aα)α∈Γ 	→ (k1αβ = aβ − aα)α,β∈Γ described above. Hence universal
global liftability, i.e., surjectivity of the map ϕΩ : A(Ω) → B(Ω), is equivalent to the image of
B(Ω) in H 1(Ω,N) being zero. The latter clearly occurs when H 1(Ω,N) vanishes. The sheaf N
that we consider has the form N =HN , whereN → Ω is a holomorphic Banach vector bundle,
and for the vanishing theorems we call on the following important theorem of Lempert [9,10].
Theorem 1. Let Z be a Banach space with an unconditional basis, Ω ⊂ Z pseudo-convex open,
E → Ω a holomorphic Banach vector bundle, then the sheaf coholomogy groups Hq(Ω,HE )
vanish for all q  1.
Our vector bundles will be given by Proposition 1 and we will need Theorem 1 for q = 1 only.
3. Right inverses
Let A denote a Banach algebra with identity e. An n-tuple a := (a1, . . . ,an) ∈ An is called
right invertible if there is an n-tuple b := (b1, . . . ,bn) ∈An such that a · b :=∑ni=1 aibi = e. We
call b a right inverse for a. Clearly a is right invertible if and only if the mapping Ta :An →A,
Ta(ξ) = a · ξ is surjective.
Lemma 2. If the n-tuple a ∈ An is right invertible then Ker(Ta) is a complemented subspace
of An.
Proof. Let b = (b1, . . . , bn) be a right inverse for a. If a ∈ A and c := (c1, . . . , cn) ∈ An let
ca := (c1a, . . . , cna) and ac := (ac1, . . . , acn). Let P :An →An, P(ξ) := bTa(ξ). We have
P 2(ξ) = P (bTa(ξ))= bTa(bTa(ξ))= b(a · b)Ta(ξ) = bTa(ξ) = P(ξ),
and P is a projection. If Ta(ξ) = 0 then P(ξ) = 0. Conversely, if P(ξ) = 0 then
TaP(ξ) = (a · b)Ta(ξ) = Ta(ξ) = 0.
Hence Ker(Ta) = Ker(P ) and as P is a continuous projection its kernel is a complemented
subspace of An. This completes the proof. 
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subset of Z, A a Banach algebra with identity e and f1, . . . , fn ∈H(Ω;A) for n ≥ 1. If the n-
tuple {f1(z), . . . , fn(z)} is right invertible for each z ∈ Ω then there are g1, . . . , gn ∈H(Ω;A)
such that
∑n
i=1 fi(z)gi(z) = e for all z ∈ Ω .
Proof. If z ∈ Ω and ξ = (ξ1, . . . , ξn) ∈ An let f (z)(ξ) = ∑ni=1 fi(z)ξi . Then f ∈ H(Ω;
L(An;A)) and, by Lemma 2, f (z) is surjective with complemented kernel for each fixed z ∈ Ω .
Hence, by Proposition 1,
N =
{
(z, ξ) ∈ Ω ×An:
n∑
i=1
fi(z)ξi = 0
}
,
with the natural projection (z, ξ) 	→ z, is a holomorphic sub-bundle of Ω ×An. Next consider
the sheaf homomorphism ϕ :HAn →HA over Ω which maps, for each U open in Ω , the local
section (hi)ni=1 ∈H(U,An) to
∑n
i=1 fihi ∈H(U,A). For a given z0 ∈ Ω let (bi )ni=1 denote a
right inverse for (fi(z0))ni=1. Since g(z) :=
∑n
i=1 fi(z)bi is holomorphic and g(z0) = e, we can
choose a neighbourhood U of z0 on which g(z) is invertible for all z ∈ U . Let h(z) = g(z)−1 for
all z ∈ U . If k ∈H(U,A) and 1 i  n let hi(z) = bih(z)k(z) for z ∈ U . Since
n∑
i=1
fi(z)hi(z) = g(z)h(z)k(z) = ek(z) = k(z)
for z ∈ U , universal local liftability holds.
Since Ker(ϕ) = HN and N is a holomorphic sub-bundle of Ω × An, Theorem 1 implies
that the cohomology group H 1(Ω,HN ) vanishes. This, as we noted in the previous section,
completes the proof. 
Theorem 2 is trivial only when n = 1 and A is commutative; in this case a right inverse is an
inverse and one can take g(z) = f (z)−1 for all z ∈ Ω . Otherwise it contains a number of now
classical results. When n ≥ 2 and A = C, Theorem 2 is a result of H. Cartan [3] which says
that finitely generated ideals in H(Ω), Ω a pseudo-convex domain in Cn, which do not lie in
any maximal ideal, generate the whole space. This was generalised to convex open subsets of
Tsirelson’s space by J.Mujica [14] and to pseudo-convex open subsets of a Banach space with an
unconditional basis by I. Patyi [15]. When A is non-commutative the right inverse, even when
n = 1, may not be unique and Theorem 2 shows that we may make a holomorphic selection of
right inverses given a holomorphic collection of right invertible elements. This result is due to
G.A. Allan when Ω is a finite-dimensional Stein manifold [1,2] (see also [6]).
If X is a Banach space, then L(X) is a Banach algebra with identity 1X and we may apply
Theorem 2. However, it is possible to look at a more general situation. If X and Y are Banach
spaces, an n-tuple {T1, . . . , Tn} ∈ L(X;Y)n, n = 1,2, . . . , is right invertible if there is an n-tuple
{S1, . . . , Sn} ∈ L(Y ;X)n such that ∑ni=1 Ti ◦ Si = 1Y . If L(ξ1, . . . , ξn) = ∑ni=1 Ti ◦ ξi ∈ L(Y )
for (ξi) ∈ L(Y ;X)n then, as in the proof of Lemma 2, we see that the kernel of the surjection
L coincides with the kernel of the projection P : L(Y ;X)n → L(Y ;X)n, where P(ξ1, . . . , ξn) =
(η1, . . . , ηn) and ηi = Si ◦L(ξ1, . . . , ξn), 1 i  n. The proof of Theorem 2 can now be adapted
to obtain the following result.
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basis, let X,Y be Banach spaces, and let f1, . . . , fn ∈H(Ω;L(X;Y)) for n ≥ 1. If the n-tuple
{f1(z), . . . , fn(z)} is right invertible for each z ∈ Ω , then there are g1, . . . , gn ∈H(Ω;L(Y ;X))
with
n∑
i=1
fi(z) ◦ gi(z) = 1Y
for all z ∈ Ω .
In particular, if f ∈H(Ω;L(X;Y)) and f (z) is right invertible for all z ∈ Ω , then there is a
g in H(Ω;L(Y ;X)) such that f (z) ◦ g(z) = 1Y for all z ∈ Ω . Moreover, if h ∈H(Ω;Y) then
f (z)(g(z)h(z)) = h(z) for all z ∈ Ω .
4. Surjections
In this section we rephrase and then extend Theorem 3 for n = 1 by replacing the hypothesis
of the existence of a right inverse by surjectivity.
Theorem 4. Let Z be a Banach space with an unconditional basis, Ω be a pseudo-convex open
subset of Z and X,Y be Banach spaces. Let f ∈H(Ω;L(X;Y)) and suppose f (z) is surjective
for all z ∈ Ω . If any of the following conditions holds:
(a) for all z ∈ Ω , Ker(f (z)) is finite-dimensional,
(b) for all z ∈ Ω , X/Ker(f (z)) is finite-dimensional,
(c) X is isomorphic to a Hilbert space,
(d) Y is isomorphic to 1(Γ ) for some cardinal number Γ ,
then there is a g ∈H(Ω;L(Y ;X)) such that f (z) ◦ g(z) = 1Y for all z ∈ Ω .
Proof. The result follows from Theorem 3 and Lemma 1 once we show that Ker(f (z)) is a
complemented subspace of X for all z ∈ Ω . This is immediate for (a), (b) and (c). It remains to
show that we also obtain a complemented subspace when (d) holds. By our previous remarks it
suffices to show that any surjective T in L(X;1(Γ )) is right invertible.
For γ ∈ Γ let eγ denote the element in 1(Γ ) which has value 1 at γ and 0 elsewhere. By
the open mapping theorem, there exists a bounded set (xγ )γ ⊂ X such that T (xγ ) = eγ for all
γ ∈ Γ . Let S(∑αγ eγ ) =∑αγ xγ for any finite sum in the span of (eγ )γ∈Γ . Since∥∥∥∑αγ xγ ∥∥∥∑ |αγ | · ‖xγ ‖ sup
α
{‖xα‖}∑ |αγ | = sup
α
{‖xα‖}∥∥∥∑αγ eγ ∥∥∥,
S can be extended continuously to 1(Γ ). Since T ◦S(eγ ) = T (xγ ) = eγ for all γ ∈ Γ it follows
that S is a right inverse for T . This completes the proof. 
Theorem 4(a) applies when f (z) is a surjective Fredholm operator for all z ∈ Ω .
We now note the well-known fact that 1-spaces are also special for lifting problems (see
[4, p. 54]).
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L(Z;X) → L(Z;Y) is defined by π ′(T ) := π ◦ T then the following are equivalent:
(a) π ′ is surjective for all X,Y,π ,
(b) Z is isomorphic to 1(Γ ) for some Γ .
Proof. (a) ⇒ (b). It is well known that for any Banach space Z there exists an indexing set Γ
and a continuous linear surjection π : 1(Γ ) → Z (the proof in [12, p. 108] for the separable case
easily extends to arbitrary Γ ). By (a), π ′ : L(Z;1(Γ )) → L(Z;Z) is surjective and Lemma 1
implies that Ker(π) is a complemented subspace of 1(Γ ). Since π is surjective this implies that
Z is also isomorphic to a complemented subspace of 1(Γ ) and as every complemented subspace
of 1(Γ ) is isomorphic to 1(Γ ′) for some indexing set Γ ′, (a) implies (b).
(b) ⇒ (a). Let π : X → Y denote a continuous linear surjection. If T ∈ L(1(Γ );Y) then
(T (eγ ))γ∈Γ is a bounded subset of Y , where eγ is defined as in the proof of Theorem 4. By the
open mapping theorem there exists a bounded set (xγ )γ∈Γ in X such that π(xγ ) = T (eγ ) for all
γ ∈ Γ . Let S(eγ ) = xγ for all γ ∈ Γ . Then S extends by linearity to define a continuous linear
mapping from 1(Γ ) into X. Since π ◦S(eγ ) = π(xγ ) = T (eγ ) for all γ ∈ Γ , π ′(S) = T . Hence
(b) implies (a) and this completes the proof. 
To obtain local liftings we use the following result about monomial expansions.
Theorem 5. [10,16] Let X be a Banach space and (am)m∈N(N) a set of vectors in X. Then∑
m∈N(N) amzm is the monomial expansion of a function f ∈ H(rB1;X), where 0 < r ≤ ∞,
if and only if
lim|m|→∞
‖am‖ζmmm
|m||m| = 0
for all ζ ∈ rB+c0 .
The following lifting result was proved by Ryan [16] for entire functions and for entire func-
tions of bounded type using the monomial expansions in Theorem 5.
Theorem 6. Let Ω ⊂ 1 be pseudo-convex open, X,Y Banach spaces, and π ∈ L(X;Y) surjec-
tive. Then for any g ∈H(Ω;Y) there is an f ∈H(Ω;X) with π(f (z)) = g(z) for all z ∈ Ω .
Proof. We first show local liftability. Let f ∈H(z0 + rB1;Y) have monomial expansion
f (z) =
∑
m∈N(N)
(z − z0)mym,
where ym ∈ Y for all m ∈ N(N). Since π ∈ L(X;Y) is an open mapping there is a positive constant
C such that for any y ∈ Y there is an x ∈ X with π(x) = y and ‖x‖ ≤ C‖y‖. For each m ∈ N(N)
choose xm ∈ X with π(xm) = ym and ‖xm‖ ≤ C‖ym‖ and let
g(z) =
∑
(N)
(z − z0)mxm.
m∈N
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rB1 . Clearly, π ◦ g = f .
Let N = Ker(π) ⊂ X. As H 1(Ω;HN) = 0 by Theorem 1, the comments in Section 2 imply
that the mapH(Ω;X) →H(Ω;Y) defined by f 	→ π ◦f is surjective. This completes the proof
of Theorem 6. 
If Ω is a pseudo-convex open subset of the Banach space Z and for all Banach spaces X and
Y , all f ∈H(Ω;L(X;Y)) with f (z) surjective for all z in Ω , and all h ∈H(Ω;Y) we can find
g ∈H(Ω;X) such that f (z)(g(z)) = h(z) for all z ∈ Ω , then on letting f (z) := T ∈ L(X;Y)
and h(z) := S ∈ L(Z;Y) for all z ∈ Ω , we obtain by considering the linear part g′(z0) ∈ L(Z;X)
of g at any point z0 ∈ Ω that T ◦ g′(z0) = S. By Proposition 2 this implies Z = 1(Γ ). As we
also required an unconditional basis to avail of cohomological results this obliged us to restrict
ourselves in Theorem 6, and also in Theorem 7, to domains in 1.
Our next theorem, a variation of Theorem 3 for n = 1, is due for finite-dimensional Stein
manifolds to J. Leiterer [8]. Leiterer introduced the concept of Banach coherent analytic Fréchet
sheaves and obtained a number of vanishing theorems in order to prove his result.
Theorem 7. Let Ω denote a pseudo-convex open subset of 1, let X,Y be Banach spaces, and
suppose f ∈H(Ω;L(X;Y)). If f (z) is surjective for all z ∈ Ω then for any h ∈H(Ω;Y) there
is a g ∈H(Ω;X) such that f (z)(g(z)) = h(z) for all z ∈ Ω .
Proof. Let Γ denote a cardinal number for which there are continuous linear surjections, πX
and πY , from 1(Γ ) onto X and Y , respectively. By Theorem 6 there exists h1 ∈H(Ω;1(Γ ))
such that πY (h1(z)) = h(z) for all z ∈ Ω .
By Proposition 2 the mapping π∗Y : L(1(Γ )) → L(1(Γ );Y), π∗Y (T ) = T ◦πY , is surjective.
Since the mapping z ∈ Ω → f (z) ◦ πX ∈ L(1(Γ );Y) is holomorphic, Theorem 6 implies that
there exists k ∈H(Ω;L(1(Γ )) such that
f (z) ◦ πX = π∗Y
(
k(z)
)= πY ◦ k(z) (1)
for all z ∈ Ω . This says that the following diagram is commutative:
(Γ )
k(z)
(Γ )
X
f (z)
πX
Y.
πY
Let K = Ker(πY ). Define l ∈H(Ω;L(1(Γ )×K;1(Γ )) by letting
l(z)(x, y) = k(z)(x)+ y
for all z ∈ Ω,x ∈ 1(Γ ) and all y ∈ K . We now show that l(z) is surjective for all z ∈ Ω .
If u ∈ 1(Γ ) then πY (u) ∈ Y , and as πX and f (z) are both surjective the above diagram shows
that there exists w ∈ 1(Γ ) such that (πY ◦ k(z))(w) = πY (u). Hence πY (u − k(z)w) = 0 and
u− k(z)w ∈ K . Since
l(z)
(
w,u− k(z)w)= (k(z)w)+ u− k(z)w = u,
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H(Ω;L(1(Γ );1(Γ ) × K)) such that l(z) ◦ m(z) = 11(Γ ) for all z ∈ Ω . Using the canon-
ical projections from 1(Γ ) × K onto 1(Γ ) and K we can write m as (m1,m2), where
m1 ∈ H(Ω;L(1(Γ )) and m2 ∈ H(Ω;L(1(Γ );K)). If x ∈ 1(Γ ) then (l(z) ◦ m(z))(x) =
k(z)(m1(z)x)+m2(z)x = x and hence
πY (x) = πY ◦ k(z)
(
m1(z)x
)+ πY (m2(z)x)= πY ◦ k(z)(m1(z)x).
This shows that
πY = πY ◦ k(z) ◦m1(z) (2)
for all z ∈ Ω .
For all z ∈ Ω let g(z) = πX ◦m1(z)(h1(z)). Clearly g ∈H(Ω;X). By (1) and (2)
f (z)
(
g(z)
)= f (z) ◦ πX ◦m1(z)(h1(z))= πY ◦ k(z) ◦m1(z)(h1(z))= πY (h1(z))= h(z).
This completes the proof. 
Our final example is obtained by restricting the class of holomorphic functions.
An n-homogeneous polynomial P : X → Y between Banach spaces is said to be nuclear if
there exist a bounded sequence (yj )∞j=1 ⊂ Y and an absolutely convergent sequence of linear
functionals on X, (φj )∞j=1, such that for all x ∈ X
P(x) =
∞∑
j=1
φj (x)
n · yj . (3)
The nuclear norm ‖P ‖N of P is the infimum of ∑∞j=1 ‖φj‖n · ‖yj‖ taken over all representations
of P as given in (3).
Let X, Y and Z be Banach spaces, π : X → Y be a continuous surjective linear mapping
(that is essentially a quotient mapping and for this reason we may suppose, without loss of gen-
erality, that ‖π‖ = 1), P : Z → Y be an n-homogeneous nuclear polynomial with the above
representation, and let  > 0 be arbitrary. By the open mapping theorem we can choose a se-
quence of vectors (zj )∞j=1 ⊂ Z, such that π(zj ) = yj and ‖zj‖  (1 + )‖yj‖ for all j . Then
Q :=∑∞j=1 φnj · zj is nuclear and P = π ◦ Q. By considering all such expansions we see that‖Q‖N = ‖P ‖N .
If Ω is an open set in a Banach space and X is a Banach space, then f : Ω → X is a holo-
morphic mapping of nuclear type if, for all x ∈ Ω , the homogeneous polynomials (Pn,x)∞n=0
in the Taylor expansion of f about x ∈ Ω , are all nuclear and lim supn→∞ ‖Pn,x‖1/nN < ∞.
Let HN(Ω;X) denote the space of all X-valued holomorphic mappings of nuclear type on Ω .
The above estimates show that if f ∈ HN(BZ;Y) then there exists g ∈ HN(BZ;X) such that
π ◦ g = f . Our next theorem extends this local lifting to a global lifting.
Theorem 8. Let Z be a Banach space with an unconditional basis, Ω a pseudo-convex open
subset of Z, let X,Y be Banach spaces, and suppose π ∈ L(X;Y). If π is surjective then for any
f ∈HN(Ω;Y) there exists a g ∈H(Ω;X) such that π(g(z)) = f (z) for all z ∈ Ω .
348 S. Dineen et al. / Journal of Functional Analysis 237 (2006) 338–349Proof. Let N = Ker(π). By Theorem 1 the cohomology group H 1(Ω;HN) vanishes. Since f
is nuclear it has local liftings through π . On combining these facts we obtain, as we have seen
previously, a global lifting. This completes the proof. 
Our next proof follows the same lines as the proof of Theorem 7 but uses Theorem 8 instead
of Theorem 6 to obtain liftings.
Theorem 9. Let Z be a Banach space with an unconditional basis, let Ω be a pseudo-convex
open subset of Z and let X,Y be Banach spaces. If f ∈HN(Ω;L(X;Y)) and f (z) is surjective
for all z ∈ Ω , then for any h ∈HN(Ω;Y) there is a g ∈H(Ω;X) such that f (z)(g(z)) = h(z)
for all z ∈ Ω .
5. Recent developments
Since this paper was first written some new developments in the theory of analytic sheaf
cohomology over complex Banach manifolds have taken place that have useful consequences for
the topics of this paper.
Theorem 10. (Lempert and Patyi [11]) Let Z be a Banach space with an unconditional ba-
sis, P a pseudo-convex open subset of Z, and Ω ⊂ P a closed complex Banach manifold with
the property that at each point of Ω the tangent space of Ω has a direct complement in Z.
If (E,π,Ω) is a holomorphic vector bundle, then the sheaf cohomology groups Hq(Ω,HE )
vanish for all q ≥ 1.
The proof of Theorem 10 involves right invertibility and lifting in a manner vaguely similar
to that of the present paper.
As our methods of lifting consist in proving local liftability and utilising a vanishing theorem
for the appropriate kernel bundle, the proofs here can be repeated verbatim for the complex man-
ifolds in Theorem 10. As a result Theorems 2–4, 6 and 7 are still valid if Ω is as in Theorem 10
and Z is unchanged from the original theorem.
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